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Abstract. The paper deals with an analytical method for the kinematic analysis of the multi-link
guiding mechanisms used for the rear beam axles of motor vehicles. The method is based on the
representation of spatial movement of the axle as a screw motion. The finite rotation of the axle
around the screw axis is modelled by using rotational indicators and tensors. For solving the nonlinear system that describes the kinematic behaviour of the axle guiding mechanism, an
algorithm based on the Newton-Kantorovich approach was developed. The numerical
application was carried out by considering an axle guiding mechanism by five points - on five
spheres (codified 5-SS).

Introduction
Generally, the spatial guiding of the bodies can be achieved in two ways: by guiding a characteristic
point of the body and orienting it with respect to the considered point (solution that is usually used in
industrial robots), or by guiding several points of the body, the latest solution being also used for guiding
the rear beam axles of the motor vehicles in relative movement to the chassis. The arrangement of the
guiding points on the rear axle is made taking into account the kinematic requirements (regarding the
accomplishment of the necessary movements, namely the vertical displacement of the axle and its
rotation around the longitudinal axis of the car), as well as the dynamic ones (taking over the contact
forces from the wheels). The structural systematization of the axle guiding mechanisms according to the
possible guiding cases was depicted in [3].
In addition to the necessary specified motions of the rear axle, other additional linear and angular
displacements occur during the operation of the guiding mechanism, as follows: rotations of the axle
around the transversal and vertical axes, displacements of the axle centre along the transversal and
longitudinal axes. These movements are undesirable and they have the effect of changing the direction
of travel of the car and losing stability, changes in wheelbase and wheel track (with additional wear and
consumption), increased rolling resistance, and additional stresses in the suspension system. Due to
these negative effects, all the additional movements must be cancelled or minimized, as far as possible.
The purpose of the kinematic analysis is to establish the functions that describe the stated movements,
and to calculate their variations during the operation of the axle guiding mechanism.
Considering the specific features, the kinematic analysis of the axle guiding mechanisms is based on
simplified models in which the chassis is fixed connected to ground (thus being the reference part of the
mechanism), and the force generating elements (such as springs, dampers, tires, bumpers, anti-roll bars)
are not taken into account. The connections of the guiding links/arms to the adjacent parts (axle and
chassis) are commonly modelled by spherical joints [3, 12-14, 16].
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In the scientific literature, the kinematic analysis of the axle guiding mechanisms is achieved in two
ways: by developing analytical methods, which consist of formulating and solving the equation systems
that describe the kinematic behaviour [3, 5, 7, 8, 15]; by using commercial MBS (Multi-Body Systems)
software solutions, which automatically formulate and solve the movement equations [4, 9, 17, 18]. The
use of MBS software brings important benefits for various types of applications, such as those presented
in [1, 2, 6, 10], but their high cost is still a major impediment.
This paper deals with the development of a numerical method for the kinematic analysis of the axle
guiding mechanisms. The method is a general one, which can be applied for all types of rear axle guiding
mechanisms (at least the frequently used ones).
Problem formulation
The numerical method proposed in this work is based on the modelling of the spatial movement (position
and orientation) of the rear axle as a screw movement [11], considering the rotation around the screw
axis u (i.e. the angle ) and the translation along this axis (i.e. the displacement b), as shown in Figure
1.
The axle position, with reference to the origin O of the global coordinate system, is determined by
the position vector ru. In order to define the axle spatial movement, the position vector, velocity and
acceleration of a certain point M on the axle must be known. The global position of this point is defined
in the following way
r M  rG  q ,

(1)

where rG is the global position vector of a reference point G, while q is the local position vector of M relative
to G.

Figure 1. The modelling of the screw movement of the rear axle.
In figure 1, the vector q defines the orientation of the rear axle, and it results by the rotation around
the screw axis from the initial configuration q0, while rG is used to model the position of the axle. The
scientific literature reveals several methods for modelling the orientation of the vector q around the
screw axis u, such as Euler angles, Bryant angles, Kardan angles, director cosines, rotational indicators
and tensors, and others. In what follows, the method based on rotational indicators and tensors [11] will
be used.
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The rotational indicator  = (u, ) contains the three components of vector u and the corresponding
revolute angle . The finite rotation of the vector q (having the initial configuration q0) is obtained by
integrating the differential rotation around the instant axis of angle d,
0

d q  u  dβ  q  q( β )  T( β )  q ,

 0

T() = I + sin U + (1 - cos) U , U   u z
 u
 y

(2)
 uz
0
ux

2

uy 

 u x ,
0 

(3)

where T() is the rotational tensor that describes the finite rotation of the vector q around the screw axis q
(of angle ), I - the unit tensor, and U - the anti-symmetric tensor.
Of the four parameters of the rotational indicator, due to the condition |u| = 1, only three are independent.
The passing to three parameters is done by introducing the vector w of the same direction with u,
w  u  tg

β
,
2

(4)

whose components are the Rodrigues parameters of the finite rotation (the three-parametric representation
of the finite rotations). The rotational tensor T() will be:
T( β )  T( w )  I  2 
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(6)

The analytical representation of the screw movement of the point M is given by:
0

r M ( r G , w )  r G  T( w )  q ,

(7)

where the six components of the vectors w and rG are independent motion parameters.
Case study
The application for this paper corresponds to an axle guiding mechanism by five points - on five spheres
(5-SS), which is shown in Figure 2. The mechanism, which has a single degree of mobility, contains
contains four longitudinal bars, up-down arranged relative to the axle axis in pairs of two (1s-1d, 3s-3d),
while the fifth bar (4), which is called Panhard bar, is transversally disposed.
The geometrical model of this guiding mechanism is defined by the following parameters: the global
coordinates of the joints M0i of the guiding bars to chassis, in the global coordinate system OXY; the
local coordinates of the joints Mi of the guiding bars to axle, in the axle reference frame PXPYPZP; the
static position of the axle, in OXYZ; the lengths of the guiding bars; the wheel radius and the wheel
track.
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Figure 2. The axle guiding mechanism of type 5SS.
The center of the left wheel (Gs) is considered as reference point (corresponding to G in equation (1)),
from equations (7) resulting:



Fi  r Gs  T( w )  ( r Mi  r Gs )0  r M0i

2  li2  0,

(8)

where i = 1 ...5; Mi  [Ms, Md, Ns, Nd, T]; M0i  [M0s, M0d, N0s, N0d, T0].
The rotational tensor T(w) is defined by the following components:












t 21 = A  wz + wx  w y , t 22 = 1 - A  wx2 + wz2 , t 23 = A  - wx + wy  wz ,
t 31 = A  - w y + wx  wz , t 32 = A  wx + wy  wz , t 33 = 1 - A  wx2 + w2y ,

t11 = 1 - A  w 2y + wz2 , t12 = A  - wz + wx  w y , t13 = A  w y + wx  wz ,

(9)

where
A

2
2

.
2
1  w  w 1  wx  w 2y  wz2

(10)

Equation system (8) can be rewritten in the following form:



Fi = X Gs - X M0i + t11  X Mi - X Gs 0 + t12 YMi - YGs 0 + t13 Z Mi - Z Gs 0

2 +


2 +
 Z Gs - Z M0i + t31  X Mi - X Gs 0 + t32 YMi - YGs 0 + t33 Z Mi - Z Gs 0 2 - li2 = 0.
 YGs - YM0i + t 21  X Mi - X Gs 0 + t 22 YMi - YGs 0 + t 23 Z Mi - Z Gs 0

(11)

The vertical displacement of the left wheel centre (ZGs) is selected as independent kinematic parameter,
while the unknowns are XGs, YGs, wx, wy, and wz. In the initial position, the global coordinates of the guiding
points and those of the wheel centre can be established depending on the stationary position (vehicle in
rest) of the axle in the global reference frame OXYZ and the corresponding local coordinates in the axle
reference frame PXPYPZP, as follows:
X Mi = X P0 + X Mi(P) , YMi = YP0 + YMi(P) , ZMi = Z P0 + Z Mi(P) ,
X Gs = X P0 + X Gs(P) , YGs = YP0 + YGs(P) , ZGs = Z P0 + ZGs(P) .
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The solving the non-linear system (11) was carried out by using the Newton-Kantorovich method. The
initial solution of the non-linear system corresponds to the stationary position of the vehicle, while for a
current position of the guiding mechanism, the initial solution is that obtained in the previous position, and
in this way the spatial positioning of the guiding mechanism (in terms of parametric vectors of the axle
finite movement, namely rGs and w) can be determined for the whole vertical travel of the axle, transposed
by the variation field of the independent parameter (ZGs).
The global coordinates of the guiding points Mi are then determined based on equations (7):
 X Mi   X Gs 
 X Mi  X Gs 
 Y    Y   T β    Y  Y 
Gs  .
 Mi   Gs 
 Mi
 Z Mi   Z Gs 
 Z Mi  Z Gs 
0

(13)

Given that
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β y
β z
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(14)

there is obtained
w x2  w 2y  w z2  (u x2  u 2y  u z2 )  tg 2

β
,  = 2 arctg(wx2 + wy2 + wz2),
2

(15)

where the rotational tensor T() has the following componenents:
t11 = 1 - (1 - cos ) ( uy2 + uz2), t12b = -uz  sin  + (1 - cos )  ux  uy,
t13 = uy  sin  + (1 - cos ) ux  uz,

t21 = uz  sin  + (1 - cos ) ux  uy, t22 = 1 - (1 - cos )  ( ux2 + uz2),
t23 = -ux  sin  + (1 - cos ) uy  uz,
t31 = -uy  sin  + (1 - cos ) ux  uz, t32 = ux  sin  + (1 - cos ) uy  uz,
t33 = 1 - (1 - cos ) ( ux2 + uy2 ).

(16)

For computing the coordinates for any other point of interest on axle (e.g. the axle center P), equations
of form (13) can be used.
Afterwards, the kinematic functions that describe the behavior of the axle guiding mechanism can be
determined, namely the linear displacements of the axle center along the longitudinal (XP), transversal
(YP) and vertical (ZP) axes (as shown in Figure 3), and respectively the rotations of the axle around
the longitudinal (x), transversal (y) and vertical (z) axes (Figure 4), as follows:
 displacements of the axle center:
XP = XP - XP0, YP = YP - YP0, ZP = ZP - ZP0;

(17)

 axle roll rotation:
 X  arctg

Z Gd  Z Gs ;
YGd  YGs

(18)

 axle rotation around its own axle (where G is a point located on the local axis XP of the axle reference
frame PXPYPZP - see Figure 2):
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η Y  a sin

Z G  Z 0G  Z P  Z 0P  ;
X G P 

(19)

 axle pivoting rotation:
 Z  arctg

X Gd  X Gs .
YGd  YGs

(15)

Figure 3. The linear displacements of the rear axle.

Figure 4. The orientation angles of the rear axle.
Results and conclusions
The method presented above was algorithmized and transposed on computer by using the programming
software environment Borland Delphi (based on Object Pascal). The numerical simulation for this work
was carried out by considering the following values of the input data for the kinematic analysis (in
correlation with the notations in Figure 2):
 the global coordinates of the joints to chassis: M0s (1624.0, -457.0, 79.0), M 0d (1624.0, 457.0,
79.0), N0s (1885.0, -255.0, 252.0), N 0d (1885.0, 255.0, 252.0), T 0 (2538.0, 457.5, 139.0) [mm];
 the global coordinates of the joints to axle: M s(P) (-58.0, -457.0, -58.0), Md(P) (-58.0, 457.0, -58.0),
Ns(P) (31.0, -205.0, 114.0), N d(P) (31.0, 205.0, 114.0), T(101.5, -457.0, 0.0) [mm];
 the static/initial position of the axle center: P0 (2400.0, 0.0, 145.0) [mm];
 the lengths of the guiding bars: l1s,d = 718.04, l3s,d = 548.33, l4 = 915.25 [mm].
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By the kinematic analysis, the results that describe the behavior of the axle guiding mechanism have
been obtained. The diagrams in Figures 5 and 6 show the displacements of the axle center along the
global reference frame axes, as well as the three rotations that determine the spatial orientation of the
axle/guiding mechanism. The imposed variation field for the independent kinematic parameter is ZGs[80, 80]mm, thus simulating the up/down travel of the wheel/axle in a passing over bumps regime.

Figure 5. The linear displacements of the axle centre.

Figure 6. The orientation angles of the axle.
Based on the study presented in this paper, the following conclusions can be drawn: the proposed
method uses geometric parameters of the axle guiding mechanism that can be read directly from the
execution and overall drawings; by choosing as an independent parameter the vertical movement of the
wheel center, there is a good correlation with the actual load on the car; the coordinates of any point on
the axle are easy to calculate.
By reference to other methods from literature, the numerical algorithm proposed in this work brings
several important benefits for the kinematic analysis of the axle guiding mechanisms, such as the high
degree of applicability, the fast convergence of the non-linear system used to model the kinematic
behavior, and the possibility to be adapted for the multi-link guiding mechanisms of the front wheels
(with independent suspension).
The method here presented can be integrated / implemented in a more complex numerical algorithm
for establishing the static equilibrium position of the axle suspension system (by taking into account the
elastic and damping elements, as well as the system of external forces applied to the car), this being one
of the directions for further research in the field.
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